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Summary. — A direct numeriecal analysis, based on the Lienard-Wiechert poten-
tials, is performed in the present paper, aiming to describe the relativistic inter-
action of the electrons eomposing a high-intensity beam (in Raman regime) both
with each other and with the fields of an FEL strueture and of an external resonant
travelling electromagnetic wave. The different accelerations, due to the various
forces seting an the charged particles, are seen to give different contributions to the
total radiation field, which are separately considered here. The angular and
frequency distributions of the obtained radiation are compared with the analytic
ones deduced in the particular case of a single charge launched along the FEL
structure. The interference effect between the fields of many bunches is seen to
cause the shrinkage of the resulting radiation beam.

PACS 42.55.Tb - Free-electron lasers.

PACS 5265 - Plasma simulation.

PACS 41.70 — Particles in electromagnetic fields (including synchrotron radiation).
PACSE 41.80 — Particle beams and particle opties.

1. - Introduction.

Starting from a uniform electron beam injected along the axis of an FEL
structure, the build-up of equispaced electron bunches is caused, as is well known, by
an external resonant radiation (launched along the electron path) and hindeved by the
increasing electrostatic repulsion. Indeed the main effect of space-charge oscillations
is to decrease the FEL performance by resisting the bunching of the electrons{i, 2],
leading to a stimulated Raman backseattering with radiation frequeney equal to the
difference between the wiggler and the plasma frequency.

We try here to give an answer {o the question whether and how the electrons not
vet gathered by the bunches tend to be collected. This topic was partially treated in a
previous work{3] (whose numerical methods are utilized here), where such a well-
known tendency was confirmed,
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In eonnection with this process we found it interesting, in the present paper, to
analyse the radiation emitted both by the bunches and by the single electrons in
terms of their different inifial positions with respect to the bunches themselves.

The single-electron radiation turns out to be the sum of three contributions: a
principal one, due to the FEL magnetic field, and two other ones, of different
frequency spectrum and angular distribution. These latter contributions, although of
quite smaller intensity, are present in angular and spectral ranges where the
principal radiation is low, and may be therefore experimentally detected.

The first one of these two miner radiations is due to the particle acceleration caused
by the external radiation, while the second one is due to the acceleration induced by
the radiation coming from the bunches placed behind the considered particle.

Sinee therefove these two radiations are stimulated by other radiations, they turn
out to be the part of the particle total radiation closest to the laser emission
concept.

The angular distribution of these minor radiations tends to overlap on the
prineipal radiation eomponent when the particle is included in the neavest bunch, The
experimental observation of these radiations could provide an intevesting insight on
the initial evolution of the bunches.

In our paper we analyse the non-stationary emission and interference pattern of
the total radiation of few bunches collected by a screen placed at a finite distance from
the FEL. We recall here that in the usual approach an ideal screen placed at infinite
distance from an FEL structure entirely filled by stationary bunches collects the
radiation pattern emitted only by a single charge[4].

We consider here, by means of the same numerical approach employed in[3], the
evolution of a system composed of a limited number of macrocharges (bunches) in
resonant condition, interacting through their radiation fields with a single charge
moving in the FEL structure. Because of the coherent character of the resonant
bunch radiation fraction directed along the FEL axis, the radiative behaviour of a
bunch and of a particle receiving the bunch radiation strictly resembles that of a
system of many (equispaced) bunches radiating on the considered test particle. At
this stage no predietion can be made about the new FEL-gain curve.

To our knowledge a comprehensive display of the radiation patterns such as that
presented in our work for non-stationary conditions, was never presented in previous
papers.

Comparing the results presented here with those of the usual FEL theory
(basically consisting in the description of the total power emission, phase lag between
the external optical wave and the FEL radiation, electrostatic mutual forces, letargia
and so on ..) a general agreement is found, integrated however by a deeper insight,
visualizing also partiele trajectories, of transient phenomena.

In sect. 2 a simplified analytical model is presented, allowing to give an
approximated idea of the interference effects of the radiation emitted out of the FEL
axis.

In sect. 3 numerical results are given for a single electron in an FEL. In sect. 4
numerical results are given for a charged particle interacting with the electro-
magnetic radiation coming from the FEL resonant bunches. In sect. 5 we consider
the wave front deformation of the out-axis radiation, and its physical reason. Finally,
in sect. 6, the radiation power spectrum, obtained in our numerical approach, is
compared with the spectrum obtained by means of an analytie treatment of single
charge in an FEL structure [4].
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2. = A model for the approximation of the radiation emitied by a few bunches.

A}thquh the numerical approach of the present paper does not necessarily
require supplﬁng assumptions, we find it useful to present here a model retaining
thte .essentlak physical points and showing the role played by interference phenomena
arising when the radiation due to the different charges reaches a screen placed on the
FEL axis.

Our model is based on the following simplifications:

. @) The periodical displacement of the beam electrons from the straight
trajeetory is neglected.

b) A constant electron veloeity along the FEL axis is assumed, coinciding with
the actual average velocity 7,.[3,5]:

@.1) B =Be=¢|1— 0w |
2)'“a

where a, = eB, /\/Q kyme? is the interaction strength[5],
mg _ 2 ” L 0
yi=1-p8%, f=vfc, p=p+p+e,

m is the electron rest mass, e is the electron electric charge, ky = 2m/2., is the wave

n;mbge;;orresponding to the wiggler wavelength 2, and B, is the wiggler magnetic
strength;

(2.2) B, (x)= —zB,sin(k,x).

¢) The transversal electron acceleration I{,,c due to the magnetie wiggler field is
computed making use of ¥, alone:

(2.8) B= — yef, By (%) /Onye).

The maximum value of the transverse displacement neglected by our model may be
shown[5] to be given by

(2.4) Ymax = \/5 " Oy / (k).

Such a displacement may be therefore neglected for large enough values of y and low
eno_ugh values pf the interaction strength a,. The magnetic wiggler field B, and the
radiated electric field depend therefore essentially on the x-coordinate.

. Let now imagine a sequence of bunches traveling along the v-axis equispaced by a
distance ;. Let

2.5) Ap =2 {1+ ad)/2y*

be the resonant wavelength: the FEL emits therefore a radiation with such a
wavelength when x; = 33y . The radiation arriving, at a certain time, at a point placed
along the x-axis from a sequence of emitting electron bunches is originated by each
bunch, at a previous time, from a position characterized by the fact that the field B, is
the same for all the bunches: this is the condition required by the cohereney of the
resulting radiation. For the radiated points P placed outside the axis @, however,
destructive interference phenomena arise between the radiated fields, due to the
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Fig. 1. — Scheme of the simplified model of the radistion distribution for a few bunches (see text
for the symbols). The total radisted electric field £, is caleulated for 2 bunches. & = 0.9995,
ap = 100,

different values of the wiggler field computed at the new emitting positions. Let us
now compute, within our model, the «previous positions», which we shall indicate by
means of primed quantities.

Let xp, ¥p, zp be the coordinates of the radiated point P (see fig. 1), and let
Rp=(x} + yi + z3)/* be the distance between such a point and the first charge,
initially placed at & = 0. The different radiations shall arrive at the position P at the
same time (7' = 0) provided that
(2.6) R,:/C“‘E‘ T,: WRP/C,
where 7, < 0 is the previous time of the n-th charge and for zp, =0
27 Ry =(RE+ )~ 2apa)V?
is the distance between P and such a charge. Here
(2.8) Ty = (a; — n-2)/(cB.)
and a, (%, < 0) is the relevant previous position of the n-th charge:

2.9 x)=TieB, + nx, .

From egs. (2.7} and (2.9) T, is seen to be the solution of the equation

@10y  TW3(1 -3¢ + To2c (Bo(wp — my) ~ Rp) — nPwi + 2wpnwy = 0.
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Fig. 2. — As in fig. 1, but for 3 bunches.

We have, therefore,

(Rp— Boxp+ Bonwy) £ [RE+ 2RpE, (nwy — xp) + B2ah + niaf — 2apnx, ]2

T, = —
e(1 —53)

1

where the negative sign must be adopted in order to have T, (2, = 0) = 0. If &, is the
angle between the direction of B, and the x-axis, the total field arriving at P turns out
to be mainly aligned along the y-axs and giveni{6] by

e,fﬁ‘,, cosd, (eosd, ~ B,)

[
#

CRJ': (1 - cos Jnﬁ.{' )3

We show in fig. 1, 2 and 3 the field B, (= B,) due to the sum of the contributions of all
the bunches as a funetion of a; and yp for zp = 0. For yp = 0 field maxima are observed
at @) = nig /N (where N is the number of bunches, and 2 = 0, 1, 2,...), with absolute
maxima for n =N (k=0,1,2,...).

The mutual distances between the field maxima increase for increasing values
of yp.
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Ap=12175 10" cm

Fig. 3. - As in fig. 1, but for 4 bunches,

As we shall see, the radiation coming from a limited number of bunches turns out
to be in substantial agreement, in our exact numerical solution, with the description
provided by the simplified model introduced in the present section.

3. - Numerical solution of the exact motion and radialion equations.

Let us now analyse the results obtained when all the parameters of the particle
motion are kept into account

In order to determine the positions from which the radiation, hitting the particle
at a certain time, is originated, we shall refer to the actual trajectories of the entire
particle system (fig. 4).

In the nuwmerical computation the aforementioned positions shall be given by
expressions analogous to eq. {2.6), where however R, shall depend on the effective
particle trajectories; we shall therefore rewrite eq. (2.6), expressing each quantity in
terms of the laboratory time T :

(3.1) Ry (T, y(T), TaYe+Ti=Rp/e.

The results are summarized in fig. 5-7.
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e O3

jFig. 4. — Becheme of the formation of the total radiation in an out-axis point of the sereen. The sum
is performed over the radiation fields (from the different FEL charges) reaching the point at the
same time. Although the mutual distance between the charges at { = 0 is given by 8Ly, their
position at the earlier radiation time is quite different. I

“—:—“://_”\ :

Fig. 5. - _Electromagnetic radiation flux through a sereen ((20x20) em®} placed at 150 em from
Fhe ppsﬂlon Py of the first charge at ¢ = 0. The radiation due to 2 bunches is the result of
interference effects depending on the different charge position, as shown in fig. 4.
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Fig. 6. — Analogous to fig. 5, except for the use of 4 bunches,
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Fig. 7. - Analogous to fig. 5, except for the use of 7 bunches.
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4. -« Induced radiation.

The electric and magnetic fields emitted by a charge e moving with velocity ¢f and
acceleration ¢ff may be expressed[7] in the form

4.1) Ex,ty=e

(i — BY1 - A%) e ) .
R + Y [n x {(f — By x B}],

{4.2) Bix,t)=n < E(x, t},

where y ={1 -5 ).

The fields are caleulated in the actual position x of a point at a ftime {, and are
radiated at ¢', that is B/c seconds earlier than the time ¢. The previous time t' is given
by: t' =t — R/c, where the definition of R is analogous to the one given by eq. (2.6)
for £ and R is the unit vector directed from the «rvetarded» position of the emitting
charge (on the time ¢') toward the radiated point P (on the time £). While an analysis
of the mutual radiation of two charges, based on the model of the previcus section,
was considered in ref. [3], we present now & more general deseription taldng both the
particle and the fields dynamics into account.

The acceleration f§ of a particle (placed in FPy—fig. 8}, with velocity fic, interacting
with electric and magnetic flelds, is given by the general expression

(4.3) p=—2[E+pxB - ppE).
myc

Fig. 8. - Radiative interaction between 2 charges. The radiation coming from the charge placed
at Py (at the early time {'} hits (generating a force F') the particle in P at the time .
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If B and E are radiation fields (with B = fi, X E), we have (for the particle in P, with
aceeleration #4¢ and velocity Bqc¢)

e

(4.4) B= By = [E(1 — Bo-iiy) + (ig — o) fo- ED],

Mygl

where #p is the unit vector directed from the source (placed at P;) to the radiated
point {(Py).

Let us now recall that the total acceleration of a charge is due to the action of three
different forees:

) the force originated by the magnetic wiggler field (B.);

b) the force impressed by the external electromagnetic wave (£, B|,) launched
into the FEL;

¢) the force due to the bunches (flelds radiated £,, B,) following the radiated
particle,

In agreement with this distinction we shall articulate the acceleration B, in

g
s .

v

Fig. 9. - The arrows represent the electric field radiated by the charge placed in P| (fig. 8) on the
one placed in F,. Both charges are assumed to move along their trajectories. The transverse
seale y is 50 times larger than the horizontal seale x.
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the following three parts:

BD\\‘ = ¢ {.30 X Bw]:
My o€
4.5) L Bow= ——[B, + By X By — Bo( By E1)],
myc
Bor = ———1E1(1 — Bo-fig) + (g — Bo) o~ B,
Myge

.9

where K, and By are the external radiation fields.
In the absence of external radiation fields we have therefore

BG == BO\\' + BOr .

—

Lt ]
el
e

Fig. 10. - The eleciric-field component £, of the induced radiation is plotted on the plane (y, £} in
order fo represent the progressive curvature inerement of the wave fronts in terms of the
curvature difference from the first one, the first wave front Is assumed to be flat.
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Referring to fig. 8 and 9, the electric field E,, due to the bunch placed in Py, is given
by

ke . .
(4.6) E = ¢ S X [(Gp — B1) X B ],
cRy x5

where ¥, = (1 — ig- ), & is the number of electrons coniained in a generic bunch,
and H, is the unit vector along the direction P/ P, Recalling now that

By =XB1. U8y Bo=XBo: + Uloys Br=%f1 + B8y
and approximating i, = x, we obtain

ke

4.7 E=—
] CRox'll

.&[:ély(fg].r - 1) _Jeiy'.f")lr}:

from which we get, using eq. {4.5),

Ee

{4.8) .ﬁﬂr = {fe}eﬁy(l _IBQ.I_‘) 'E’.I}(l —tenr '_.Bgy)]‘

MygC

Fig. 11. - Plot of the electric-field component of the principal radiation due to a single charge, in
the same conditions of fig. 10, but with a vertical scale 10" times smaller.
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We have, therefore,

(4.9) Eea= ——# X [( = o) X fios ],
cRy

where ¥4 = (1 ~ i-f,). Equation (4.9) provides a radiation electric field lower than
the one due to the action of the wiggler magnetic field by almost three orders of
magnitude, leading therefore to a radiated power 107° times smaller (see fig. 10, 11).
Due to the fact that its frequency range and angular distribution are different
and separated by the main FEL vadiation, such a field, however, may be detected
and utilized for the description both of the bunch formation and the FEL
instabilities.

5. — Deformation of the wave front.

The angular distribution of the radiation emitted by an accelerated charge may be
caleulated[1,5,8,9] using egs. (4.1) and (4.2) and the values of x(8), S(¥), B(E)
obtained from the numerieal integration of the motion equation. The wave front of
such a radiation has a curvature radius equal to the distance R between the retarded
position of the radiating charge and the observation point. We take here into account,
for simplicity sake, only the dominant component (directed as y) of the wave electric
field E. When the bunches are equispaced at resonant distances Ay the total radiation
emitted along X is obviously coherent, but it loses its coherence when observed along
a direction even slightly different from X, because the radiation, coming from the
different charges (or bunches) in their new retarded positions, has a different phase
for each charge, as shown by the simplified model. The wave shape, moreover, is
symmetrical with respect to ¥ only on the plane (x, 2), out of which the symmetry is
progressively lost, as we shall now see in detail. This asymmetry effect is known and
described in previous literature[d], without, however, reaching a full understanding
of its physical reason, which we shall stress in the following.

When, in the resonant case, a charge passes through the point 1 at ¢ = 0, a second
charge, following the first one at a distance 3- 2, passes through 1 at the later time
t=fAy [fe.

Let now (fig. 12): P be an observation point outside the axis x; 0 be the observation
angle between X and the line connecting the radiating charge with P; E,;, R. be the
distances between P and the points 1 and 2, respectively; 0,, 0, be the values of #
when the emitting charge is at the point 1 and 2, respectively (for B, I, large it shall
be 0, = 05). Let us introduce moreover the wavelengths i {0;) = 2] observed at P
when the emitting eharge is passing from the point 1 to the point 2.

A.{0=0) is the wavelength observed at any point of the X-axis (being A, (0) =
= Ap). it is easily seen that

5.1) By —Ry=2,c080;;
5, .
)‘L(Oi) - }\L(O) =Rg + }‘W ‘“R] = }"W(}' - COSG,-) = }.“.0'{/2 .

The wavelength 2, is a funetion only of the observation angle 0, and does not depend
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Fig. 12. — Scheme of the wavelength inerement of the radiation due to a single charge, as a
funetion of the observation angle #. The wavelength for 0 = 0 is given by: Ay = A, (1 — 3.)/8..
The wavelength of the radiation emitted by the same charge, when it passes from the point 1to 2,
is given by: AL = A (0 = 2y + 2,0% /2.

on the distanee R. If P is not at infinity the angle ¢ shall ebviously increase during the
particle motion. The wavelength spectrum observed at P shall therefore range
between the values

AL(0) = A+ 2,07/2 and  Ap{0,)=2Ap+ A.08/2,

§; and 0, being the values of 0 corresponding, respectively, to the input and output
section of the wiggler. The space and time distribution of the radiated electric-field
component E, is represented in fig. 13, 14, assuming R, = = at the initial wave front,
and plotting the R variation of the following wave fronts. The wave frent curvature
(1/R) is seen to increase progressively during the particle motion.

We represent in fig. 15 a length 2, along the particle trajectory (corresponding to
a wiggler period along which a complete radiation wavelength is emitted)
schematizing the actual almost sinusoidal by means of the straight lines 172 and 27 3.
Another simplification consists in assuming the line 172 divected along R,. Both
along 172 and 27 8 the velocity fc is assumed to be constant. Since

Ry —Ry=3,/(2cos0) and By, — Ry=cos{20) 2, /(2c0s0),

we have

(tz - t;)CﬂRg‘i‘{Rl _Rg}/ﬁ—Rl =A:~[% - 1j|’§"”’
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-3
(=]

and
1 1
(b3~ t)e=Ry+ (R, —Ry)/f— R = )\:‘{E - cos(zo)]g s

with 2y = 2, feoso.
The time intervals corresponding, respectively, to the first- and second-half

: Y
-13 )
- 10 s >
0 z
a)
A,
0 i t
z[- = = = i gy
-13 F:4
e 1() g 0
b)

Fig. 13. — a} Axonometry of the wave fronts of the radiated eleetric field represented assuming in
the figure an initially flat wave front. The represented radiation is that collected along the
vertical thiek line in the sereen of {20 % 20) em® placed on the (y, z)-plane at 300 cm from the orbit
starting poing. ) The same wave fronis represented by a view of the {(y, {)-plane with two
contour lines per wave.
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10 g 0

b)

Fig. 14 — a) The same as in fig. 13a) for a horizontal collecting line. b) As in fig. 13h) the same
wave fronts of «) are represented by a view of the (z, {)-plane.

wavelength turn out, therefore, to be different, leading to a deformation of the wave
shape seen in P, although the total wavelength 2y (0) is always given by eq. (5.1). The
geometry of this phenomenon is not symmetric with respect to the axis x: the
distortion is different if the point P lies on the positive or negative side of y-axis. This
is shown in fig. 13a), representing the axonometry of the wave fronts of the radiated
electric-field component &,, collected along a line parallel to the y-axis.

In order to have the possibility of representing the progressive curvature
modification of the wave fronts in terms of the curvature difference from the first
one, in fig. 13¢) we assume flat the first wave front.
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Fig. 15. - Schematic representation of the particle trajectory, corresponding to a wigpler step 4,
along which a complete radiation wavelength is emitted. The wavelength is not symmetric if the
radiation is seen in the plane (x, ¥) to the direction of the wiggler magnetic field.

In fig. 13b) the same wave fronts are projected on the plane (¥, £). As we shall see
in the next section, the aforementioned wave front deformation strongly affects the
spectrum of the out-axis radiation emitted on the plane containing the particle
trajectory.

Figures 14a) and b) are analogous to fig. 13, with a colleeting line parallel to the
Z-axis.

6. — Electromagnetie-radiation spectrum.

The method we employ to obtain the radiation angular distributions and its
frequency spectrum is based on the numerical solution of the general radiation
equation, on the actnal electron trajectories, and on the fast Fourier analysis of the
emitted radiation.

This procedure allows to evaluate the fleld error, fringe fields, and near-field
effects.

The relativistic particle radiation is confined within a forward cone of angular
width ~ 37!, with axis directed as the particle velocity. If the maximum transverse
displacement .. (eq. (2.4)) is large enough, the radiation cone will periodically be
deflected out of a detector placed at infinity on the %-axis. This will cause radiation
from many harmonics to appear (up to ~ y® times the fundamental) and produce a
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broad band of frequencies. The requirement for the detector to stay in the radiation allowing to optimize the syncrotron radiation generated by a wiggler (or undulator)
cone s Ymu/y ' S 1. inserted along the path of the high-energy electrons of a storage ring. In order to
Because of the complexity of the interference distribution, the analytical study of include the effects of the entire electron beam emittance[10], one must perform a
the real angular distribution of the radiation emitted by a whole FEL is quite difficult convolution between the phase space distribution of the undulator radiation due to a
(see fig. 16a), b)). The analytical treatment of the radiation produced by a single single particle, with the phase space distribution of the entire electron beam,
glectron is the basis to deseribe the radiation of an electron beam, starting from the composed of statistically independent electrons. The total radiated electric field is
phase space distribution function of the eleetrons and from the «addition theorem» [9] calculated in the form of the Wigner distribution[11], as developed by Kim/[91

of the radiation fields. The results of such a ecaleulation provide the emission speetra
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Fig. i7. - Spectral analysis of the radiation corresponding to fig. 16a), performed by means of an
Fig. 16. - o) Electric-field component E, radiated by a single charge traveling with kinetic _ analytical approach{4]. The observation angle # ranges between zero and 0.046rad. A
energy of 18.1 MeV in an FEL with 4, = £ em and peak magnetic field of 5500 G. b) The same as _ seven-period wiggler has been employed. The observation angle is assumed on a plane

a), for the case of 14 charges at muiual resonant distances 82 perpendieular to the wiggler magnetic field in @), and parvallel to such a field in b).
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The numerical technique adopted in the present work could be applied, with a
treatment quite simpler than the one using the convolution approach, even to the
harmonic analysis of the off-axis FEL radiation due to many bunches. We show in
fig. 19 a typical example of such a radiation analysis in the case of bunches at resonant
mutual distances.

In order to compare the standard analytical results {4, 12}, holding on the case of a
single particle, with our general numerical techniques, let us previously outline the
basic points of the analytical approach.

The energy emitted by a single electron into a frequency interval de and a solid

T

T

o ah
bl
a -}'T*!};‘-ll = —

h
= =R

b) T le

]

T g

Fig. 18. - Spectral analysis analogous to fig. 17, obtained however using our numerical
approach.
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angle d{} asing the well-known Lienard-Wiechert integral is given by{T]

=

J' iox (it x Byexplin(t — n-r(t)/e)ldt |,

-

6.1) d=! - 8"(.:"
tew 02 4xe

where r(t) is the vector deseribing the path of the electron, () = F(f)/c, and r is a
unit vector pointing from the origin of coordinates (chosen at the cenire of the FEL)
to the observer.

Reference(4] computes the integral contained in eq. (6.1), making use of simple
analytical expressions of r(¢) and p(¢). The effective limits of the time integral are
found obgerving that the electron radiation is originated only within the wiggler
length L, = N7, (where N is the number of magneties periods), and therefore for a
time L/ge.

Each resonant term of the electromagnetic emission{d] is centred about the
corresponding radiation frequeney «,, satisfying the equation

{6.2) wy =ty [H{1 — [, cosb),

where ¢ is the observation angie away from the FEL axis & (such that cost = 1 -X), fis
the harmonic number, and w, = 2rz¢/2.

Equation {6.2) can be derived, for f= 1, from eq. (5.1) (see fig. 12), observing that
w, = 2zc/21i, with

ME=AL T G+ Ry) = By = A (1 - 8.+ A, (1~ cosh) =
= 5 (2= B, cosh) = A (1~ &, cos0),

where 4, coincides with the resonant radiation wavelength ip = 2,(1 — &,). The
values of 2, and o, may be obtained in & more exact form making use of the expression
of iy given by eq. (2.5):

Ay = A (1 a2)/2v2 + 2, 0% /2, w,= 2w v /(1 +al + v76°).

The analytical results (derived from eq. (6.1)) obiained using eq. (5) of ref.[4] are
shown in fig. 17. The spectral bandwith of each line (i.e. the linewidth factor Aw/w)
is of the order of 1/N (normally for an undulator, ¥ =60, in this calculation,
N =T}

We show in fig. 18 the results obtained by means of our numerical proeedure in the
case of a single particle: by comparison with fig. 17 a good agreement is found with
the analytical resuits.

We feel therefore reasonably induced fo believe in the numerical results
obtainable in the case of the radiation due to a system of many particles, as required
by the treatment of the bunches of an entire FEL. With respect to the case of single-
particle radiation, the radiation due to a system of particles placed at resonant mutual
distances twrns out to contain a smaller number of higher harmonies and to be
confined, because of the destructive interference effects, within a smaller solid angle
around the FEL axis (fig. 19a), b)). Due to the interference effects between the
radiations of many particles, the overali radiation spectrum resembles therefore the
ideal case of a coeherent monceromatic laser much more than the spectrum of a single
charge.
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Fig. 19. - Spectral analysis analogous to fig. 17 and 18, taking however into account the radiation
due to 14 chavges, placed at resonant mutual distance. The radiation is colleeted on a sereen at
300 em from the first radiating charge. The planes of the observation angles are perpendicular
and paraliel, respectively, to the wiggler magnetic field in a) and b).

7. — Conclusions.

In the curreni literature the radiation of an FEL is generally analysed in
stationary conditions, making use of expression (6.1) of the spectral density angular
distribution, which does not explicitly contain the acceleration 8 of the radiating
particle, and where both the trajectory and the velocity of each bunch must
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be a priori assigned. Such a stationary state corresponds to a set of bunches
filling the entire length of the FEL.

The mutual interaciions between the bunches cause a small, almost stationary
perturbation in the motion of a single test bunch (or electron). In the present work
the aforementioned limitations were avoided making directly use of the motion
equations of the considered bunches, and keeping into account the non-stationary
radiation terms, provided by the well-known Lienard-Wiechert potentials.

Although our approach lends itself to the treatment of the motion of a limited
number of bunches, the total field acting on the test particle is quite realistic, since
the presence of a larger number of bunches in resonant conditions would only change
the strength of the wave field, and not its phase.

The overall wave front is obtained for an arbitrary radiation angle, and the
spectral frequency distribution is shown te coincide, in the particular case of a single
isolated radiating particle, with a well-known anaiytical one[4].

The oscillation of a test charge around its resonant equilibrinm position may alse
be obtained by means of our approach, and turn ouf to coincide with the results of the
standard treatments.

Interference effects, arising from the sum of the radiation of many bunches, were
found to be responsible for the narrow-angle radiation patterns obtained, and for the
resulting high degree of monochromaticity of actual radiated field.

Note added in proofs.

After having eompleted the present work the Author found out the existence of a paper by
Elias and Gallardo [13] based on a quite similar approach. In such a paper, however, the mutual
{both electrostatic and radiative) interaction between the FEL bunches is not taken info account,
and it is our opinion that such an interaetion significantly contributes to the highly transient
phenomena of the FEL dynamics.

ok o

Thanks are due to Prof. A. Orefice (Universitd i Milano) for his help along the
genesis of the present work.
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